We present a simple phase-matching model that takes into account the full spatiotemporal nature of capillary high-harmonic generation. Spectra predicted from the model are compared to experimental results for a number of gases and are shown to reproduce the spectral envelope of experimentally generated harmonics. The model demonstrates that an ionization-induced phase mismatch is limiting the energy of the generated harmonics in current capillary high-harmonic generation experiments. The success of this model shows that phase-matching processes play a dominant role in determining the emission from capillary high-harmonic generation.
INTRODUCTION
High-harmonic generation (HHG) has become an accepted method for laboratory-based generation of extreme ultraviolet (XUV) and soft x-ray light [1] [2] [3] . HHG produces pulses that are highly coherent [4, 5] with a pulse length in the femtosecond or attosecond timescales [6] . To generate the harmonics, ultrafast, high intensity infrared laser pulses are focused into a nonlinear medium, such as a low pressure gas. High energy photons are generated by the nonlinear response of the outer electrons of the gas atoms.
Phase-matching has long been recognized as crucial in determining the efficiency of HHG. The effect of phase-matching has been widely studied in focused geometries [7] [8] [9] [10] [11] . Previous studies of phase-matching in capillaries have either included the radial variation of ionization through radial averaging [12] [13] [14] , allowing no variation of the phase-matching conditions with radius, or have used numerical propagation codes to model the buildup of the harmonic field [15, 16] . Recently it has been demonstrated that phase-matching can be extended to the water-window region harmonics using a mid-infrared driving laser [17, 18] . It has also been noted that the temporal variation of phase-matching conditions is crucial in determining the output from HHG experiments [19] [20] [21] [22] , however none of this work has taken into account the spatially varying phasematching conditions found in waveguide HHG.
Here we present a model of the spatially and temporally varying phase-matching conditions for HHG in a capillary waveguide and the resulting XUV generation and demonstrate that the effect of spatial variation is significant in determining the HHG efficiency. The results of the calculations are compared to experimentally observed spectra and show good agreement. The key benefits of the model are its capability of predicting the observed spectral distribution of harmonics from a simple, physically intuitive model and the insight it provides into the factors limiting capillary HHG experiments.
However, as described below, only phase-velocity-based macroscopic phase-matching effects are considered here. This limits the model to predictions of relative intensities of harmonics, rather than quantitative predictions of overall XUV flux. Also, since the model does not consider the individual temporal response of each generating atom, it does not predict the harmonic nature of the XUV radiation.
THEORETICAL METHODS
The high-harmonic generation process can be understood by considering the effect of the intense electric field on an isolated atom. As the atom comes under the influence of an electric field of comparable magnitude to the Coulomb field binding the outer electron, the binding potential is distorted. This distorted potential forms a barrier allowing part of the electron wavefunction to tunnel through and into free space [23] . This ionized part of the wavefunction is then accelerated by the electric field of the laser and may return to the atom. When the two parts of the wavefunction overlap spatially, they interfere, beating at a frequency given by the difference in frequency of the two parts of the wavefunction. This beating creates a dipole oscillation which can radiate short wavelength radiation. The maximum frequency of the beat, and therefore of the emitted radiation, is given by the energy gain of the ionized part of the wavefunction relative to the unionized part. The full behavior of the dipole oscillator is found by solving the time-dependent Schrödinger equation (TDSE) [24, 25] . Full knowledge of the dipole oscillator behavior determines the emission spectrum and phase from a single atom. However, to determine the emission from an extended nonlinear medium, phase-matching effects must also be considered.
Efficient generation is only achieved when the XUV fields generated at different locations in the capillary interfere constructively. In the simple case, this requires that the phase velocities of the fundamental and harmonic radiation are the same. This is conventionally expressed in terms of the phase mismatch Δk k q − qk 0 , where k 0 and k q are the propagation constants of the fundamental and the qth harmonic, respectively. Maximum conversion efficiency requires Δk 0.
Here we consider only the propagation-based phasematching processes as, in a waveguide regime, the effect of phase-matching should dominate the other factors. In a waveguide, the driving laser is confined such that the intensity is nominally constant over the length of the guide and the wavefronts of the laser are flat. This is in contrast to a focused regime where, even with the loose focusing normally employed, the intensity and wavefront curvature of the fundamental vary with propagation distance, z. This gives rise to contributions to phase-matching from the Gouy phase-shift of the fundamental and variation of the intrinsic (single atom) phase with z [8, 10, 11] . In a waveguide geometry, the Gouy phase-shift is not present in the generation region. Also, the phase-shift between the fundamental and harmonic fields induced by the single atom emission, ϕ, is determined by intensity. Therefore, if the intensity of the fundamental is assumed to be constant as a function of z over the generation region, then ϕ, although a function of radius and time, is constant with respect to propagation distance. The collinear contribution to the phase mismatch, given by ∂ϕ ∂z , is, therefore, identically zero. Thus neither the Gouy phase-shift, nor the dipole phase affect the collinear phase mismatch Δk. In this regime the phase velocity effects are the only contributing factors to phase-matching and must be accounted for explicitly.
In order to calculate the intensity of generated XUV radiation in a capillary HHG experiment it is necessary to know the propagation constants of the generation medium for the fundamental and XUV radiation. These propagation constants are dependent on the density of plasma from ionized atoms within the capillary, and ionization fraction varies both spatially and temporally by significant amounts. Hence it is important in predicting the output spectrum to take into account spatiotemporal variation of the phase-matching conditions. This model extends previous theory [12, 13] for spatially uniform conditions, to take into account the full spatiotemporal nature of the HHG process and demonstrates that spatiotemporal variation influences the XUV output significantly.
The intensity buildup, given a phase mismatch Δkr; t; q and absorption in the generation medium, is modeled by [26] Ir; t; q ∝ dN
where r is the radial coordinate within the capillary, t is the time relative to the peak of the driving pulse, q is the harmonic number, L is the length of the generation medium, and α is the field attenuation coefficient for the medium at the XUV wavelength. The nonlinear source term used to scale the XUV intensity is dNr; t 2 , the number of atoms ionized by the driving laser at a given time and radius. This term accounts for both the nonlinear response of each atom to the incident field and the number of atoms present. To verify this approximation, we have previously calculated the single atom dipole response in the presence of a laser field using a simple one dimensional TDSE. The value of dN is compared to the oscillator magnitude and found to show a similar response to the driving field.
To evaluate Eq. (1), it is necessary to know the phase mismatch Δkr; t; q. For a laser pulse propagating in the EH 11 mode of a capillary waveguide [27] , this is given by
where λ 0 is the wavelength of the fundamental laser, λ q λ 0 ∕q is the wavelength of the harmonic, u 11 2.405 is the first zero of the Bessel function J 0 ,a is the radius of the capillary, r e is the classical electron radius, N e PηN atm and N a P1 − ηN atm are the number density of free electrons and neutral atoms respectively, P is the pressure in atmospheres, η is the ionization fraction of the gas in the capillary, N atm is the number of particles in 1 m 3 at 1 atm, and δλ is the neutral gas dispersion per atom at wavelength λ. Here the assumption is made that the refractive index of the ionized gas atoms is approximately the same as the index of the neutral atoms.
The first term in Eq. (2) corresponds to the guiding of the fundamental. The second term corresponds to the dispersion of the plasma present in the capillary. The third term corresponds to the dispersion of the neutral and ionized gas atoms. Here the nonlinear refractive index of the gas is neglected, as it is small compared to the other contributions [28] . The ionization fraction in the capillary is calculated from the electric field profile using Keldysh ionization theory [23] and taking account of above barrier ionization [29, 30] .
The effect of guiding on the XUV radiation is neglected, as it is found to be small. For a fundamental beam in the EH 11 mode and an XUV beam in the EH 1m mode, the component of phase mismatch from guiding scales as qu 2 11 − u 2 1m ∕q, where u 1m is the mth zero of the Bessel function J 0 . This means that XUV guiding is a significant effect only when
When the predicted XUV spatial profiles are decomposed into capillary modes [31] , it is found that less than 1% of the XUV power is in modes satisfying Eq. (3).
Equations (1) and (2) allow, in principle, any harmonic to be phase-matched and contribute to the output XUV field. Clearly this is not physical as the driving laser can only transfer a finite amount of energy to the free space electron and, therefore, to each generated XUV photon. Here we use the simple cutoff equation derived from the three step model [32, 33] :
where E c is the maximum XUV photon energy that can be generated, I p is the ionization potential of the atom, U p e 2 E 2 ∕4m e ω 2 is the pondermotive potential, m e and e are the electronic mass and charge, and E and ω are the amplitude and angular frequency of the driving laser field. To include this cutoff effect in the model, the cutoff energy E c r; t is calculated and any emission at that radius and time with a harmonic energy E q r; t > E c r; t is set to zero. This is equivalent to assuming that the single atom response is a constant plateau with a hard cutoff at E E c . A key feature of this model is that the cutoff varies with radius and time, meaning that the radius and time at which the XUV radiation is generated directly influences the maximum photon energy that can be produced. In order to apply our model to a capillary waveguide, we consider the capillary to be a series of thin slices in the propagation direction. Each slice will have an identical nonlinear response to the driving laser, provided that neither the gas pressure nor the driving pulse properties change in the generation region. It is therefore only necessary to calculate the response from a single slice. The XUV intensity buildup is then calculated for a single slice for each harmonic, at every radius and timestep. This buildup can be integrated over space and time to give a spectrum for comparison to experimental results, but can also be examined without integration to investigate the limiting factors in the HHG process.
The experimental parameters needed to apply this model are the wavelength, pulse energy, and temporal profile of the driving laser. The length over which XUV radiation builds up is limited by the absorption depth of the radiation in the generation medium [Eq. (1)]. In the case of this experiment, the absorption depths are of the order of a few millimeters-as shown in Fig. 1 -implying that the observed XUV generation occurs toward the exit face of the capillary, therefore we need to know the experimental pulse properties at the end of the capillary. This short buildup length also allows us to ignore the effect of propagation on the driving pulse during generation, as the pulse can be assumed not to change significantly over the generation length. As the pulse propagates through the capillary it will broaden and blue-shift, as well as lose energy to ionization and coupling losses [34] [35] [36] [37] . Here, although efforts are made to remain in a region where nonlinear effects are relatively weak, we use the experimentally measured values at the exit of the capillary to account for any change in pulse properties. For simplicity, all of the pulse energy is assumed to be propagating in the EH 11 mode of the capillary. This assumption is reasonable if the fundamental is carefully coupled into the capillary and nonlinear mode coupling is weak, as is the case for all the experiments described in this paper. The pulse is taken to be Gaussian in time, with the pulse length assumed to remain at the input value of 35 fs, consistent with theoretical predictions and experimental measurements.
Another key point in this model is that the generation length is shorter than the Rayleigh length for the fundamental laser, which in our experiment is 9 mm. This means that the effect of propagation-based mode-mixing can be neglected and therefore an instantaneous, local ionization fraction must be used rather than an average ionization fraction over the laser mode.
It is also assumed that the wavefronts of the generated XUV radiation are flat, i.e. there is no dependence of XUV phase on fundamental intensity. This is not strictly true, as the phase is known to have an intensity dependence, but this approximation is shown to be valid for the short trajectories [10] . For the long trajectories, the phase does vary significantly over the radius of the capillary, but because of this the XUV beam generated is highly divergent and so will be much less intense in any far-field experimental measurement. Propagating the XUV beam into the far-field using Fraunhofer diffraction theory [41] , it is predicted that the XUV radiation generated from the long trajectories will be between 10 and 20 times less intense than that generated by the short trajectories. Also, a beam with highly curved wavefronts will not phase-match well with the fundamental, which, as it is in a capillary mode, has flat wavefronts by definition.
For this flat-phase assumption to hold, it is necessary that the XUV beam does not diverge significantly over the buildup length. To justify this we have propagated the predicted intensities and short trajectory phases using the angular spectrum method [42] which gives a "Rayleigh Range"-defined as the point where W 2 p W 0 , W is twice the second moment beam width [43] and W 0 is the value of W at the beam waist-of 10 mm, which is longer than the buildup lengths considered here.
RESULTS
The experimental arrangement used to measure HHG spectra for comparison to these calculations has been described in detail elsewhere [35, 44] . A Ti:Sapphire chirped pulse amplification system produces infrared laser pulses with an energy of 800 μJ and a pulse length of 35 fs at a repetition rate of 1 KHz. These pulses are focused into a 70 mm long capillary with inner diameter 150 μm. The capillary has a 30 mm long constant pressure region in the center and the ends of the capillary are held at a pressure less than 10 −3 mbar. A 200 nm thick aluminum filter is used to block the fundamental laser. The emitted x-rays are then propagated onto either an XUV CCD camera or a grazing incidence XUV spectrometer to measure the spatial distribution or the spectrum of the generated harmonics, respectively. The gas pressure used in the phase-matching calculation is that of the constant pressure region in the center of the capillary.
The refractive index and absorption data are obtained from the literature. The XUV refractive index and absorption data are taken from [38] . At the fundamental wavelength the data are taken from the following sources: argon and neon [45] , nitrogen [46] , nitrous oxide [47] . Figure 2 shows the experimental and theoretical spectra for various gases at a pressure of 50 mbar. The shapes of the experimental spectra and the effective cutoff energies are successfully reproduced by the calculations, as are the relative intensities of the harmonics. The details of the spectrum are determined by the absorption profile and differences in phase-matching between harmonics. As the calculations do not give a quantitative value for XUV flux, the spectra are normalized such that the maximum value in each spectrum is one. The method used here cannot reproduce the harmonic structure of the XUV radiation and so only gives an envelope under which the experimental harmonics should appear.
In Fig. 3 the predicted XUV generation is shown as a function of time and space for various gases, together with the driving laser intensity. The region of space and time in which phase-matching occurs is determined by the phase-matching conditions and therefore the ionization fraction. The contours along which generation occurs are therefore regions of approximately constant ionization fraction. Generation occurs first in the center of the capillary and at the leading edge of the pulse as the ionization passes through the value at which Δk 0. As the intensity increases, the gas in the center continues to ionize and the fraction becomes too high for efficient generation. The phase-matched region then moves towards the edge of the capillary where the ionization fraction is lower than the center. The regions in which harmonics are generated impacts directly on the spectrum of the XUV radiation produced, as harmonics produced in lower intensity regions will have a lower cutoff energy [Eq. (4)]. Looking at Figs. 3(a) and 3(b) for argon and nitrogen, respectively, we see that generation occurs primarily in a region of intensity
For an intensity of 1.8 × 10 14 W cm −2 , the theoretical cutoff is at 48 eV. Figures 2(a) and 2(b) show that this cutoff is seen in both the experimental and theoretical data. In Fig. 3(c) the generation region is shown for nitrous oxide. In comparison to the other gases discussed here, nitrous oxide has a low ionization potential and is ionized at lower intensities. That is, it is ionized significantly earlier in the fundamental pulse and out to larger radius. This means that almost all generation occurs at 1.1 × 10 14 W cm −2 , which gives a theoretical cutoff at 38 eV, again this is reproduced in Fig. 2(c) . The ease of ionization in nitrous oxide also means that the ionization level passes through the phase-matching range very quickly, leading to the very thin 'shell' of generation in time. Figure 3(d) shows that, for neon, the spatiotemporal distribution is different. Here, the ionization and refractive index properties lead to generation at the peak of the fundamental pulse at around 2.5 × 10 14 W cm −2 . This gives cutoff of 61 eV again seen in the corresponding spectra in Fig. 2 . The peak intensity of the fundamental is higher in neon as lower levels of ionization lead to lower losses in the capillary.
It should be noted in Fig. 3 that generation is confined to the central region of the capillary r ≲ 30 μm in all cases. This is because the intensity of the fundamental pulse decreases as radius increases and so, at large r, the fundamental is too weak to generate significant amounts of XUV radiation.
From Fig. 3 it can be seen that the phase-matching effects impose a significant spatiotemporal structure on the beam. In all gases except neon, the generated x-ray pulse has a temporal profile that changes significantly with radius and only a small proportion of the generated XUV radiation comes from the center of the capillary. In the case of argon, only one optical cycle (two XUV bursts) are phasematched at the center of the capillary, although the whole pulse consists of nine XUV bursts. This implies that if the center of the beam can be selected using a 5 μm pinhole, then the subsequent XUV pulse would have a pulse length of approximately 2 fs. If a 1 μm pinhole was used, then the intensity of one of the XUV bursts should dominate and an isolated attosecond pulse, with one weak satellite pulse, could be selected from a multicycle generation experiment. This concept is similar to that of ionization gated phase-matching discussed in [20] [21] [22] , but in a regime where the outer regions of the capillary generate significant XUV intensities it is necessary to remove these contributions by spatial filtering to achieve isolated attosecond pulses.
The predictions of this model clearly demonstrate that phase-matching conditions are limiting the energy of harmonics that are produced, not just by directly phase-matching particular wavelengths preferentially, but also by limiting the laser intensity that can be used to generate efficiently. This reduced intensity limits the maximum energy of harmonics that can be generated and this relationship is well described by the semiclassical three step model.
The model presented in this work is not restricted to predictions of the emitted spectrum and can also be used to predict the spatial and temporal properties of the emitted beam. For example, the divergence of the emitted XUV beam can be calculated using the predicted intensity profiles and phase information obtained from the semiclassical model [10, 48] , together with the angular spectrum method [42] and Fraunhofer diffraction theory [41] . For argon at 50 mbar the divergence (half-angle at 1∕e 2 intensity) is predicted to be 1.7 mrad which is consistent with initial experimental measurements, although a systematic experimental study has yet to be carried out.
CONCLUSIONS
We have described a simple phase-matching model of capillary HHG that can reproduce the observed experimental spectral distributions and provides a intuitive insight into the physical processes that limit capillary HHG. The model is computationally fast [49] and valid for any gas (provided the refractive index properties are known) and any pressure.
The model takes account of only the propagation-based phase-matching and includes only the simplest single atom effects. The success of this model shows that propagation-based phase-matching is a dominant effect in determining the spectrum of emitted harmonics. The spectral emission of single emitters and the microscopic phase-matching effects are less significant in comparison. The model can therefore be used to investigate the effect of experimental changes on observed spectra and allows optimization of HHG experiments. The model can also be used to predict the spatial and temporal envelopes of the XUV pulse, although further experimental work is needed to validate the model in these cases.
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